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We present a new lattice super Yang-Mills theory and its SUSY transformation. After our formulation of the 
model in a fundamental lattice, it is extended to the whole lattice with a substructure of modulo 2. 



1. INTRODUCTION 

A lattice formulation is one of the most power- 
ful tools for a nonperturbative study. We present 
here a completely new formulation of the su- 
per Yang-Mills theory on lattice with an exact 
fermionic symmetry. 

There are several pionieering attempts for con- 
tructing super Yang-Mills theories on lattice. The 
first approach, the Wilson fermion and mass fine- 
tuning procedure, is a well-simulated method 
|l||^. It is based on an observation that, in the 
perturbative expansion, a gaugino mass is the 
unique relevant operator which breaks supersym- 
metry around the SUSY fixed point ||l|,^. Never- 
theless, nobody knows whether this observation 
is nonperturbatively correct and there exists the 
SUSY fixed point in the Wilson fermion theory. 

Second is an appoach with the staggered 
fermion This formulation may allow us to 

have a correspondence between fermion and bo- 
son. However, the counting of the degrees of free- 
dom is still difficult for Yang-Mills theory and the 
full theory has not been constructed until now. 

Third approach is based on the domain wall 
fermion . This approach naturally has a vanish- 
ing mechanism of the gaugino mass, although, in 
order to impose a Majorana condition, one must 
introduce a nonlocal condition along the fifth di- 
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rection. A simulation has also been done 0. 

Our new formulation may look like the second 
approach in some aspects. However, the crucial 
difference is the presence of an exact fermionic 
symmetry in our formulation. No fine-tuning is 
required for the symmetry and we show that it is 
not BRS-like. 

We start our consideration with a model de- 
fined on a fundamental lattice. The model will be 
called as the one-cell model. Then we show that 
the model may be extended to the whole space 
while keeping the fermionic symmetry found for 
the one-cell model. The extended model has a 
slightly unusual lattice structure, which will be 
explained later. 

2. LATTICE SUSY TRANSFORMA- 
TION FOR GAUGE AND FERMION 

In this section, we present the lattice action 
and SUSY transformations for the one-cell model. 
Each coordinate of a site takes only or 1 in the 
unit of a (lattice constant). 

Our action of gauge and fermion system is a 
normal one except the facts that it is resricted on 
a fundamental lattice and fermi fields, ip, are real. 
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where n{^v) is a base point for the plaquette 
{n^jjiv) and a symbol n(p) imphes Up = for the 
p coordinate. The lattice has one plaquette in 
D=2 case and six plaquettes in D=3. The coeffi- 
cients bp of the fermion action appear similarly to 
the usual staggered fermion. However the fermion 
here is the real fermion. 

We also use the symbol p(n) to indicate either p 
or —p, allowed inside the cell when we start from 
the site n. The SUSY transformation of gauge 
fields is defined as 

t-jj / p{n) f.p(")rr 

OUn{p.),p. — 2^p\^n{p),ii^n(p.)^n(p),p. 

where is a gauge-covariantly translated 

fermion, Un^pipn+fiU^ ^ and a is a grassmannian 
parameter. 

For fermi fields, we write the transformation as 

0<p.<i> 

where {pv){n) implies //(—)"";> and C!^'^ is 

a grassmannian parameter. 

3. SUSY INVARIANCE OF OUR THE- 
ORY 

Now, we derive relations between the intro- 
duced parameters, which are required for the 
SUSY invariance. They come from four impor- 
tant conditions. 

Condition (1) 5uSf = 

This is the invariance of the fermion action un- 
der gauge field variation. It is nothing but the 
vanishing condition of fermion cubed terms: 

bp{n)ai^^p + h^{n)aP,p = 0. 

Note that this condition is consistent with the 
staggered Majorana fermion; 

bp{n) = 

Here 6 is a constant and the constraint on a is 



In particular, we find that any diagonal element 
vanishes 

<p = 0. 



Condition (2) 5S = 5uSg + 5^Sf = 

By satisfying the first and second conditions al- 
together, the total action becomes invariant un- 
der the SUSY transformation. The second con- 
dition produces two types of graphs, i.e. those 
with three different indices and those with two 
different indices. 




Figure 1. Two kinds of graphs 

Corresponding to two types of graphs, we find 
the relations, 

K{n)&:;p'^+K{n)Cl-:,'^ = ^P{aZp.^~aZo.,p)- 

Condition (3) 5uSg ^ 

Third one is to confirm that this symmetry is 
not BRS-like. We see that this condition is triv- 
ially satisfied because the left hand sides of the 
relations obtained from the second condition are 
nonzero. 

Condition (4) Invariance of Path Integral Measure 



The condition is not so trivial. We consider in 
two steps. 

(A) In the first step, only fermion variables 
change. 
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(B) In the second step only gauge field vari- 
ables change. 

If" — p"i,n-C„r7' pa>i+A,f -{n+A 

where Cl" ^= C^n.plV-l+p " CnlpiK+p,^^ ~ 
^n+p vtj.)}^7i.p- I* s^^y to show that Jacobian 
Ja = 1- But Jb = 1 implies al^ = 0. This 
is consistent with the solution for the first condi- 
tion. We have completed the check of the SUSY 
invariance of our one-cell model. 

4. MULTI-CELL MODEL 

Now, we extend one-cell model to the whole 
space. If we do it naiively, we encounter 0(a) 
reduced SUSY not 0{1). So we have to consider 
a new type lattice theory. Let us decompose the 
whole lattice into three units. 

(B) In a blue unit, a one-cell model lives. 

(R) In a red unit, another one-cell model lives. 

(Bl) In blank, there are no cell models. 

Our total action is obtained by summing over 
blue and red cells. 
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Figure 2. A multi-cell pattern 
From a point of view in fields, 

(A) Link Variables (Gauge Fields) are in either 
a blue or a red cell. 

(B) Plaquettes are put only in a blue or red cell 
but not blank unit. 



(C) Site Variables (Fermi Fields) are on a 
boundary site of a blue or red cell. So fermi fields 
have dual property. 

Now we have to check not only the in-Cell con- 
dition but also inter-Cell conditions. There are 
many constraints but we can find a solution. 

5. SUMMARY AND DISCUSSIONS 

Let us summarize our work and give some dis- 
cussions. We presented a new model for lattice 
super Yang-Mills theory. After finding the SUSY 
invariant one-cell model, it is extended to the 
whole space. Note that the representation of a 
link variable, U, must be real as the SUSY trans- 
formation of a fermi field. 

What is the indication of our symmetry? For 
example, Ward-Takahashi identities can be writ- 
ten down. A nontrivial example relates the field 
strength and two-body fermion correlation. 

We leave the investigation of the SUSY algebra 
including the actual spinor structure as a future 
problem. 

Finally, the embedding pattern of the one-cell 
model allows the modulo 2 translational invari- 
ance. The pattern may imply an embedding of 
spinor structure to lattice. In our forthcoming 
paper |^, some discussions will be given on this 
point. 
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